Interpolated scales of approximation spaces and appropriate Bernstein-Jackson inequalities, generated by Legendre differential operators, are considered. Inequalities are applied to spectral approximations of such operators.
Introduction and preliminaries
One of the problems in approximation theory is to characterize the approximation spaces [1] , [3] . It turns out that, in many instances, such spaces can be identified with the interpolation spaces obtained by the real method of interpolation [2] , [8] . The motivation of this work is to investigate a best approximation problem by invariant subspaces of exponential type vectors of the Legendre differential operators. Such problem for any unbounded closed linear operator in a Banach space has been studied in [5] . Note that the tensor products of spaces of exponential type vectors of closed unbounded operators in the Banach spaces are considered in [4] .
In this paper, we define the spaces of exponential type vectors for the Legendre differential operators and their corresponding approximation spaces. The Bernstein-Jackson-type inequalities, estimating the minimal distance from a given element in L 2 (Ω) to a subspace of exponential type vectors with fixed indices are established. For the Legendre differential operator the subspace of exponential type vectors coincides with the linear span of all its spectral subspaces. Therefore, the Bernstein-Jackson inequalities are applied to spectral approximations of the Legendre differential operators.
As is well known [10, Theorem 7. 
Spaces of exponential type vectors
For t > 0 we define the space E
Following [9] , the elements of the space E 
Proof. Let us use the inequality
are finite and the inequalities ,s ) , which completes the proof.
2
and the union
Theorem 2.2 The following isomorphisms hold:
E(A m,s ) = u ∈ E(D) : (A k m,s u) (j) (a) = (A k m,s u) (j) (b) = 0, j = 0, . . . , m − s − 1, k ∈ Z + f or all s = 0, 1, . . . , m − 1,
E(A m,m ) = E(D).
Proof. Applying [10, Lemma 7.3.1/1] for u ∈ C ∞ (Ω), we obtain the equivalence 
Hence, for all s = 0, 1, . . . , m − 1 we have
The equivalence (1) implies that there exist positive numbers c and C such that
It follows that we have the inequalities
. This completes the proof. 
Scales of approximation spaces
Consider the auxiliary functional
Given a pair of numbers {0 < α < ∞, 0 < τ ≤ ∞} and {0 ≤ α < ∞, τ = ∞} we consider the scale of spaces B 
with equivalent quasi-norms.
Theorem 3.1 The following isomorphisms hold:
where B α 2,τ (Ω) is the classical Besov space.
Proof. Check that E(D)
coincides with the space of all entire analytic functions of exponential type, which restrictions to Ω belong to L 2 (Ω).
If u(ξ) ∈ E t 2 (D) then the Sobolev embedding theorem yields sup
It follows that
for all ξ ∈ Ω and η ∈ R, where the constant c 1 is independent of k ∈ Z + . Hence, u has an entire analytic extension onto C of exponential type. Conversely, let a function u satisfy (5). Then u
It follows that u ∈ E 4t 2 (D) and consequently u ∈ E(D). Using the inequality (4), (6) , and the Paley-Wiener theorem, we obtain the quasi-norm equivalence 
where
where 
It remains to apply Theorem 2.2.
Bernstein-Jackson-type inequalities
We want to prove the Bernstein-Jackson-type inequalities using the space E 
